exchange. Essentially, in this paper, we demonstrate the possibility of obtaining an appropriate measure of a firm's average share price during a year by using some combination of these extreme values only. We started by conducting an experiment with random samples of firms taken from two different industries over a period of four years. In Section I we describe the nature of these samples and the data on which the analysis of the next three sections is based. In Section II we explore whether either an arithmetic average or a geometric average of the two values may serve as a suitable measure, and we attempt probability statements about the absolute errors involved if such measures are, in fact, used. Section III investigates the possibility of reducing the errors by using measures which give different weights to the highest and lowest prices, the weights being estimated from the sample data themselves or taken from a suitable outside source. In Section IV we study some additional properties of the distribution of errors involved in the use of a particular function of the extreme values as a measure of average share price, and we suggest the modifications necessary before this measure can be used in further econometric applications. To verify the results obtained in the previous sections, in Section V we test some of them on a much larger random sample of firms taken from a different year and not restricted to any particular industry. Finally, in Section VI we sum up the main conclusions of our analysis.
I. SAMPLES AND DATA
We first drew two random samples of firms, one from the food processing industry and the other from non-electrical engineering, the sample frame being the Board of Trade Register of Quoted Companies in Britain in 1959-60.t The two industries were chosen for no other reason than that we happened to be working on them in connection with the study of takeovers. Ordinary share prices for all firms in the two samples which were quoted on the London Stock Exchange were recorded once every month (on the second Friday of each month-for the procedure followed, see Appendix B), for a period of four years for sample firms in the food industry (1957, 1958, 1959 and 1960) and three years (1957, 1959 and 1960) for sample firms in the non-electrical engineering industry.t (Thus we shall be considering seven samples of firms, four in the food industry and three in the N.E.E. industry.) Further, for each of the firms we recorded the highest and lowest share prices for the relevant calendar year from Moody's cards. Since a particular company's share price may not be regularly available for some years because its shares were too infrequently traded (see Section (ii) of Appendix B) and since in the first instance we excluded firms for which Moody's had adjusted the highest and lowest share prices for the year for scrip or bonus issues, the analysis in the next three sections is based on the following samples: (a) in the food industry, samples of 11 firms, 12 firms, 13 firms and 15 firms respectively for the years 1957, 1958, 1959 and 1960; (b) in the N.E.E. industry, samples of 14 firms each for the years 1957, 1959 and 1960 . A list of names of the firms in the original samples as well as the firms excluded in the different years is given in Appendix B. The statistical implications of the exclusions are also discussed in this Appendix and it is shown that they do not weaken the conclusions arrived at in the text.
We use notation as follows: xl = Arithmetic average of a firm's once-a-month ordinary share prices during the year. Because of the serial correlation involved in share prices of firms during a year, an average of 12 share prices recorded once a month by the method given above is considered for the purposes of this paper a reasonable approximation to the "true" average.t x2= Moody's highest share price for the relevant calendar year. X3 = Moody's lowest share price for the relevant calendar year.
In terms of this notation we shall consider various combinations of x2 and x3 and determine to what extent they approximate the value of xl. The sample data, on which the analysis is based, are given in Table I in Appendix A.
II. BEHAVIOUR OF SIMPLE AVERAGES
We consider first two very simple measures; the mid-range, or arithmetic mean, of x2 and x3, which we denote by x4, and the corresponding geometric mean, which is denoted by x5. What errors are involved in using these measures as estimators of xl?
We are concerned, of course, not only with the average error for all firms, but also with the individual errors. We therefore computed
[ (x |-X) (100)] and [ (xl-X5) (100)] for all firms in each sample, and the resulting frequency distributions, means and standard deviations are given in Appendix A (Tables IIA and IIB). The following  points emerge from the consideration of Tables I, IIA and IIB. First, in spite of the large range of variation which individual share prices of most firms display during a typical year, the use of mid-range as a measure of average share price involves only a relatively small average error. Except for one sample (N.E.E., 1959), absolute average error lies between 2 and 5 per cent. The respective standard deviations of these errors are also relatively small, N.E.E., 1959 again being an exception. Secondly, such error as does occur varies both between industries and years, reflecting the fact that the distributions of share prices are different in different years as well as in different industries.: However, apart from 1959, the inter-industry differences in average error are not as important as the inter-year differences. For 1959, the average error is more than 5 per cent in the food industry and 9 per cent in the N.E.E. industry-in the latter industry it has been brought to that level primarily because of one extremely high observation of
The effect of this observation is damped when we use X5 as a measure of xl, but even then the average error for the N.E.E. industry in 1959 is 6 per cent. The relatively high average error in 1959 can be explained in terms of the general movement of share prices in that year; there was a stock market boom in the last two quarters of t In one sense, of course, a true average can never be found because we do not know the number of shares traded at any particular price. This consideration reinforces the use of annual average of monthly share prices as a reasonable approximation to the average share price during the year.
+ See further the regression analysis in the next section.
1959 which distorted the distribution of share prices for most firms during this year as compared with the other years.t The significance of this point will become clearer in the next section, when we apply regression analysis to the problem. Finally, we may notice that though there may be some a priori grounds for expecting a geometric mean to serve better than an arithmetic mean, the tables do not in fact suggest that x5 is any better a measure of xl than x4; x5 is therefore abandoned.
Having examined the average error, we now evidently need to look for an estimate of the possible range of errors for individual firms and a basis for inference from sample errors to errors in the population. For this purpose, in the absence of any justification for making any particular assumptions about the distribution of the variable This leads us to say with 95 per cent confidence that the fraction of firms in the population with the same attribute would lie between 2 and 11 per cent.
On the basis of the above analysis and the small sample standard deviations of the errors, we conclude that mid-range of the share prices during the year serves as a reasonably good measure of the (arithmetic) average annual share price for most firms. Not only is the average error for all firms small, but also only a very small proportion of firms would have individual errors exceeding 12 or 14 per cent.? In comparison with the usual errors involved in the use of some other variables which are employed in the theory of the firm (e.g. net worth, etc.), the magnitude of error incurred in the use of mid-range as a measure of average annual share price is rather small.
III. WEIGHTED COMBINATIONS BASED ON REGRESSION ANALYSIS
Though the error in using x4 as a measure of xl is small for most purposes, it seemed worth while to explore ways of reducing it further. The mid-range assigns weights of i each to the highest and the lowest share prices during the year. We therefore investigated the possibility of using a different set of weights, where these would be estimated in the first instance from the sample data by regression analysis; t Since Snedecor's tables for confidence limits is for N = 100 and our N = 93, the accurate confidence limits would be somewhat wider than those given in the text.
+ At 99 per cent confidence level, the corresponding limits are 0 and 9 per cent. ? This conclusion applies to all years and all industries, though one feels reluctant to apply it to N.E.E., 1959. But even here it must be observed that the high average error for this year is due to one extremely high value of IIXl-X4 (100)
The use of a weighted combination of x2 and x3 instead of x4 results in a substantial reduction in this error as well, as is shown in the next section. in effect, this method represents an empirical estimate of the effects of skewness. We used cross-section regression analysis for each of the samples to estimate these weights, using the following model:
where v = U/X3 iS the stochastic error term. By using the above form we were able to skirt both the problem of multicollinearity and to normalize the share prices. The values of y, and Y2 as well as the related standard errors and R2, obtained by applying the above regression model to the sample data are given in the following table. It will be seen that the estimated weights show significant inter-year and interindustry variations, indicating a systematic source of variation in skewness and, hence, in the error involved in the use of sample averages. Are weighted combinations, therefore, to be considered superior? To answer this question, we computed the weighted combination of the highest and the lowest share prices, with weights y, and Y2 as given in Table 2 above, for all firms in all samples. Thus x6, which is the notation for the weighted combination, are the predicted values of xl for each of the samples from the regression model. The distribution, mean value and the variance of
for all samples are given in Table IIIA in Appendix A. for the same samples. Not unexpectedly, the greatest improvement is in the N.E.E., 1959 sample where the average error is reduced from more than 9 per cent to about 4 per cent when x6 is used as a measure of xl. However, to the extent that the t test and the F test assume a normal distribution of the variables, the above evidence which indicates that x6 is a better measure of xl than x4 cannot be considered conclusive. But this evidence is greatly reinforced when, analogously to for all samples combined. Column 2 of Table 4 below, gives this cumulative distribution. we are led to say with 95 per cent confidence that the fraction of firms in the population with individual errors exceeding 10 per cent would be between 0 and 5 per cent and the fraction of firms in the population with individual errors exceeding 8 per cent would lie between 1 per cent and 10 per cent. It is therefore clear that x6, the weighted combination of the firm's highest and lowest share prices during the year, serves as a better measure of xi than does x4, and the errors involved in the use of this measure are indeed very small. Next we investigated the possibility of using kx4 as a measure of xl, where the k's, unlike above, would not be estimated from the sample data but obtained from an outside source. Since all that x6, a weighted combination of x2 and x3, does is to remove the systematic sources of inter-year and inter-industry variations in the use of x4, as a measure of xl, we thought that it might be possible to remove part of the inter-year variation by using a correction factor obtained from Moody's Ordinary Share Price Index, which is readily available. This index, based on a stratified random sample of 60 firms on the London Stock Exchange, gives the (unweighted geometric) average share price for these firms for each month during the calendar year as well as the highest and lowest price recorded during the year. We obtained the values of k= Average annual share price Mid-range of the highest and lowest share prices for each year from this index and used the k's as a correction factor on x4's in our samples.t Denoting kx4 by Yi, we then investigated the errors implied in the use of Yi as a measure of xl.
Analogously to our previous procedure, the mean values, standard deviations and frequency functions of [i X1)) (1 00)] are given in Table IIIB Table 4 , in a manner similar to that employed for x6.
IV. SoME ADDITIONAL PROPERTIES OF THE DISTRIBUTION OF ERRORS So far we have been concerned with the absolute magnitude of errors involved in the use of x4, or some function of x4, as a measure of xl. However, if x4 or Yl x2 + Y2 X3 is to be used as a proxy for xl in regression analysis or in other econometric applications, it is necessary to know some additional properties of the distribution of errors. In particular, if for some year, x4i = xli + ui for the ith firm, where ui is the error term, one needs to know, among other statistics, the following:t We investigated the possibility of obtaining efficient estimates of the statistics at (1) from the sample data. The data, however, indicate that it is difficult to derive an estimate of V(ui) if x4j or yl x2i +Y2 x3V is used as a proxy for x i in some kind of an error-in-variable model, owing to an element of heteroscedasticity in the ui's. But if ,log x4i + log ui is used as a proxy for log xli, it can be shown that it is easily possible to obtain unbiased and efficient estimates of P's and V(log ui), and good estimates of the other statistics at (1) from the sample data. These estimates may be obtained by fitting the following regression model to each of the samples:
log Xli = / log x4i +log Ui, where the usual assumptions are made that E(log ui) = 0, V(log u) = U2; cov (log ui, log Uj) = 0; log ui and log x4i (2) are independently distributed.
t Cf. Kendall and Stuart (1961) .
Unbiased and efficient estimates of ,B's and U2, obtained by least squares, for different years and different industries are given in Table 5 .
Analysis of various tests performed on the residuals from the fitted regression for each sample shows that the assumption of constant variance made at (2) above is valid. Other tests made on the sample residuals ?how that the assumptions, cov (log ui, log u1) = 0, E(log ui) = 0 and the independence of log uj and log x4j, underlying the regression model, also hold. Furthermore, the estimating procedure adopted for this model ensures that cov (log ui, log x1j) = 0 for the given industries and years. Thus it seems that whenever annual average market valuation or annual average share price is to be used as an explanatory variable in an econometric model and it is possible to apply log transformations, A3log X4j can readily be used as a proxy for log xli. $ 's and the various statistics at (1) can be estimated by the above procedure from a small random sample of a cross section of firms for the year in question.t
V. VERIFICATION OF THE RESULTS OF THE PREVIOUS SECTIONS
To verify the results obtained in the previous sections, we tested some of them in this section on another random sample of firms, taken from a different year and not restricted to any particular industry. This sample consisted of 100 firms,: the sample frame being the 2,213 firms listed in the commercial and industrial section of the London Stock Exchange Daily List and the Monthly Supplementary List for January 1961. Analogously to our previous procedure we recorded xl, x2 and x3 for the sample firms for 1961? and computed for each of them x4, y1 = kx4, [ 1 X4 (100)] and [ X1y1 (100)] t Even though we have random samples from different industries and different years in the above analysis, we have found that the required estimates may be obtained by taking a random sample of firms from a particular year, not restricted to any particular industries. The estimates of f and other statistics for 1961 in the next section have been obtained in this manner.
There were in fact 95 firms, 5 firms being included twice in the random sample selected. See Appendix B for fuller discussion of the procedure adopted and the list of names of firms included in this sample.
? See Table IV , Appendix A.
The cumulative distribution function, mean value and standard deviation for the last two variables are given in Table 6 . The conclusions arrived at in Section IV are also found to be valid for this sample. Unbiased estimates of ,B and V(og u) for 1961 are as follows: P= 099176; S.E.= +0-0018; V(logu)= 0-002504.
VI. CONCLUSION AND LIMITATIONS OF THE ANALYSIS
The main conclusions which emerge from our analysis may now be summarized as follows:
(i) The mid-range (or the geometric average) of the firm's highest and lowest share prices during the year is a reasonably good estimate of its average share price for the year. The average absolute error incurred by the use of this measure is seldom more than 5 per cent though it varies from year to year and from industry to industry. The range of the error is also small and only a relatively insignificant proportion of firms are likely to have individual errors of more than 15 per cent.
(ii) It is possible to reduce the margin of error by using a weighted combination of the highest and lowest share prices, rather than the mid-range as a measure of average share prices, the weights being computed by cross-section regression analysis from a randomly selected sample of firms or taken from an outside source. We saw above that there are systematic sources of variation in the degree of approximation of the mid-range to average share prices of the firms due to inter-year and interindustry differences. This suggests that one can reduce the margin of error in two stages: first by estimating weights by taking into account only the inter-year differences and disregarding the inter-industry differences and second by estimating weights which take into account both inter-year and inter-industry differences. For instance, suppose a more accurate measure of the firm's average share price than the midrange is required. In the first instance kx4= Yi, instead of x4, could be used as a measure of xl, k being obtained from Moody's Ordinary Share Price Index. We saw in Section III that the use of y1 accounts for a part of the inter-year source of variation and it will certainly reduce the range of errors for individual firms. If a more accurate measure is required, a small random sample of firms in a particular year could be taken, their average share prices and the highest and lowest share prices recorded and the optimal weights estimated by regression in the manner given in Section III. The effort required for this process would still be much smaller than that required for taking average share prices of hund-reds of firms. A rough rule of thumb is that if there has been an abnormal general movement in a particular year of share pricest in either direction in either the first or second half of the year, it would be better to use a weighted combination of x2 and x3 rather than the mid-range as a measure of average share prices. If there has been no such movement, the errors involved with the use of mid-range or Yi as a measure of average share prices are likely to be very small. As we saw above, the average error for both industries in 1957, for instance, was only about 2 per cent.
It should be clear from the foregoing that if a still greater degree of accuracy is desired, random samples would have to be drawn from particular industries in particular years. This, however, may not always prove economical.
(iii) For purposes of further econometric applications, we have studied some additional properties of the distribution of errors involved, if some function of midrange is to be used as a measure of average share price. We have shown that with the indicated modifications, mid-range can in fact be readily employed as a proxy variable for average share price in econometric analysis of various problems involving inter-firm variations in the general area of the theory of the firm. From the point of view of efficient estimation of econometric models in this area from large populations of firms, we thus appear to be better placed in relation to average market valuation of the firm or its average share price than with regard to some other variable like profit rate or book value of capital. Though there are no errors of "measurement" in the latter variables, of a kind similar to that encountered in the use of a function of mid-range as a measure of average share price, there are conceptual errors which arise from the fact that the accounting concepts of these variables are different from the corresponding economic concepts (cf. Harcourt (1961) ). The effect of these "conceptual" errors, as far as estimation of econometric models is concerned, is essentially the same as that of errors of "measurement", but unfortunately little work has been done on studying the relevant statistical properties of these errors.
Finally, the following limitations of our analysis and conclusions should be noted: (i) Our sample firms are not random with regard to all quoted firms in the British economy; they are random only with regard to the firms quoted on the London Stock Exchange. To the extent that small firms tend to be quoted on the provincial stock exchanges, this limits the conclusions of our analysis accordingly.
(ii) We have dealt only with ordinary share prices. The behaviour of preference shares was not studied.
(iii) Lastly, we have considered in this paper a convenient measure of a firm's share price only during the period of a year. Although for a large range of problems in the theory of the firm, this is the most appropriate time period,t there may be some problems where a firm's average share price over a period of three months or of six months will be of greater interest. We have not studied this aspect of the matter and since the conclusions we have arrived at are sensitive to the time period considered, we shall not hazard a guess as to the applicability of our results to shorter periods. We believe, however, that we have shown the way in which an interested investigator may handle a problem of this kind. 
It
APPENDIX B There are four sections to this Appendix. Section (i) gives the procedure followed in recording the once-a-month share prices used for computing xl's for each firm; Section (ii) gives the names of the firms in the original random samples chosen from the two industries and the firms which were excluded for different reasons in the various years; Section (iii) examines the implication of these exclusions for the conclusions arrived at in the text; finally, Section (iv) describes the random sample of firms used in Section V of the text.
(i) Ordinary share prices of the sample firms were taken from the London Stock Exchange "Dealings of the week" as reported in The Financial Times on the second Saturday of each month. The list of share prices given in Saturday's Financial Times records Friday's markings (i.e. the prices at which marked bargains actually took place) and also the latest markings during the week of any shares not dealt in on Friday. The procedure followed in recording share prices was to take for every firm the first unannotated marking (i.e. one without a footnote indicating special prices) given in the second Saturday's Financial Times. Thus most of the time, the marking or recorded share price referred to the second Friday of every month. If, however, there was no marking for a particular firm in the second Saturday's Financial Times, it was recorded from the third Saturday's Financial Times, failing which it was recorded from the first Saturday's Financial Times. After that, the fourth or the fifth Saturday in the month was considered.
(ii) (a) Food industry Out of 116 firms in the food industry, which were listed in the Board of Trade Register of Quoted Companies for 1959-60, a randomly selected sample of 25 firms was taken. Eight firms from this sample were quoted on the provincial stock exchanges only and one had been taken over. This left us with the following sample of 16 firms in the food industry which were quoted on the London Stock Exchange.
The firms which were excluded in the various years because their shares were too infrequently traded are as follows (see Section I in the text): We shall now briefly investigate whether the exclusion of the above-mentioned firms from the various samples, because their shares were too infrequently traded or because there was a scrip or bonus issue during the year, affects the conclusions arrived at in the text. We consider the former case first. A priori, it would appear that the average of the highest or the lowest share prices during the year would approximate a firm's average annual share price more closely if there were very infrequent trading in its shares. In the limiting case, if there were only one marking during the year, the highest, the lowest and the average share price would coincide. However, to verify, we performed the same operations on some of the firms which had been excluded from the two industry samples for the years 1958 and 1959 for this particular reason, as we did on the sample firms in the text. The results are summarized in Table V. Similar operations were performed on the firms which had been excluded due to bonus issue from the N.E.E. sample for 1960 and from the food industry sample for 1958. The results are summarized in Table VI. It is clear from the two tables that the exclusion of certain firms from the various samples because their shares were too infrequently traded or because of bonus issues does not in any way weaken the main conclusions arrived at. In fact, since in calculating x8, the weights computed from the regression analysis in the text are applied here to observations not in the respective samples and the errors it, Xt1f-nX8 1 s t) still lie within admissible limits, the findings of these tables confirm the conclusions of the text. 
